Abstract. We give an alternative way to construct an entire function with quasiconformal surgery so that all its Fatou components are quasi-circles but the Julia set is non-locally connected.
Statements of the main results
In a recent manuscript [1] the authors there construct an interesting example of entire function for which all the Fatou components are quasi-circles but the Julia set is non-locally connected. The idea used in their construction follows Eremenco and Sodin [4] and is called Maclane-Vinberg method. The purpose of this article is to provide an alternative way to construct such functions by quasiconformal surgery. Our construction is very much inspired by [2] . Compared with the method used in [1] , which is purely function theoretic, ours has more geometric feature.
The starting point of our construction is a quasi-regular map F which is described as follows. The building blocks of F are the unit disk D and a sequence of squares {P n } n≥1 with diameters being even integers. We assemble these objects from the right to the left so that D is the rightmost one. See Figure 1 for an illustration. Recall that a map f : C → C is called K-quasi-regular if f = g • φ for some entire function g and K-quasiconformal map φ of the plane. There is a K > 1 such that for any {P n } n≥1 there is a K-quasi-regular branched covering F : C → C satisfying F −1 (D) = D ∪ n≥1 P n , and moreover,
• F : D → D is the square map, and F is symmetric about the real axis, that is, F (z) = F (z) for all z ∈ C, • F : P n → D is a branched covering of degree d n with d n being the diameter of P n , and moreover, each P n contains exactly one critical point in its interior which is the center and is mapped to the origin, • the set of all the other critical points consists of the vertices of the squares which belong to the negative real axis, which are all mapped to the point 1, • F has no asymptotic values and has exactly two critical values 0 and 1, • For any compact subset X ⊂ C, there is a B > 0 depending only on X such that |F (z)| < B for all z ∈ X.
As a consequence we have Theorem 1.1. There is an entire function f with no asymptotic values and with exactly two critical values 0 and 1 such that f (0) = 0 and f (1) = 1, and moreover, • f has a critical point at 0, and all the other critical points of f are negative reals and are mapped either to 0 or to 1, • all the Fatou components of f are quasi-disks and are eventually mapped to the super-attracting basin at the origin, • the Julia set of f is non-locally connected.
Just after the submission of the paper, L. Rempe sent us the following comments on this work. The entire function constructed here is subhyperbolic, has one superattracting cycle and is unbounded on the real axis, while the one constructed in [1] is hyperbolic, has two super-attracting cycles and is bounded on the real axis. The difference is not very significant however. This is because the function in [1] can be used to obtain the function here through a square root transformation, and on the other hand, the method here can also be used to obtain the function in [1] through an easy adaptation.
Proof of Theorem 1.1 assuming the main lemma
Let C, C * , T and D denote the complex plane, the punctured plane, the unit circle and the unit disk respectively. Let F be the quasi-regular branched covering map of the plane guaranteed by the main lemma. Let µ be the pull back of the standard complex structure by F . By the symmetry of F it follows that µ is symmetric about the real axis. Let ψ : C → C be the quasiconformal homeomorphism which solves the Beltrami equation ψz = µψ z and fixes −1 and 1. Then F • ψ −1 is an entire function. By the symmetry of µ we have ψ(z) = ψ(z). Then ψ(T) is a quasi-circle which is symmetric about the real axis. Let η be the Riemann isomorphism which maps the exterior of T to the exterior of ψ(T) and fixes ∞ and 1. By the symmetry of ψ(T), η(z) = η(z). Note that this implies that η(−1) = −1. Let
Then G is holomorphic in the exterior of T and extends continuously to T. Note that G maps T to T, by Schwarz reflection principle, G can be continued to be a meromorphic function in C * . Let us still denote the map by G. By the construction, it is not difficult to see that G(z) = G(z), G(−1) = 1 and G(1) = 1. This implies that G is post-critically finite on T. Since ψ is normalized and with the quasiconformal constant being uniformly bounded by the main lemma, G is holomorphic in an annular neighborhood of T with modulus bounded away from zero. This implies that G|T belongs to a compact family of analytic circle mappings. By Theorem 6.2 of Chapter 3 in [7] , there is a quasi-symmetric circle homeomorphism h : T → T such that G|T = h −1 • Λ • h with Λ being the square map. It is not difficult to see that h is also symmetric about the real axis in the sense h(e it ) = h(e −it ). In particular h(1) = 1 and h(−1) = −1. Since G|T belongs to a compact family of analytic circle mappings, the quasi-symmetric constant of h is bounded by some uniform constant 1 < M < ∞.
Lemma 2.1. The quasi-symmetric circle mapping h can be extended to a quasiconformal homeomorphism H : D → D so that
• H(0) = 0 and H is symmetric about the real axis, that is, H(z) = H(z), • the quasiconformal constant of H is bounded by some constant depending only on M .
Proof. We first define a homeomorphism h :
To do that, note that G is symmetric about the real axis and thus G (1) = λ > 1 is a real number.
. In this way we have defined a homeomorphism h : ∂U → ∂U so that h(0) = 0 where U is the upper half unit disk. Let ξ : U → D be the Riemann isomorphism which fixes −1 and 1 and maps 0 to −i. Then ξ behaves like the square map near −1 and 1 because it opens the right angles to straight angles at the two points. From the definition of h on [−1, 1], especially its behavior near the two end points 1 and −1, it is not difficult to check that ξ • h • ξ −1 : T → T is quasi-symmetric with the quasi-symmetric constant depending only on that of h. Hence ξ •h•ξ −1 can be extended to a quasiconformal homeomorphism Π : D → D with the quasiconformal constant bounded by some uniform constant. Define H :
On the lower half unit disk, we define H by setting H(z) = H(z). This completes the proof of the lemma.
Let ν 0 be the complex structure in D given by the pull back of the standard one by H. Since H is symmetric about the real axis, ν 0 is symmetric about the real axis. We then pull back ν 0 to the complex plane by the iteration of G and get a G-invariant complex structure ν. Thus ν is symmetric about the real axis. Since all the maps involved are uniformly quasiconformal, we have ν ∞ < κ for some uniform 0 < κ < 1. Let Φ be the quasiconformal homeomorphism of the plane which fixes 0 and 1 and solves the Beltrami equation given by ν. Since ν is symmetric about the real axis, so is Φ. Let
Then f is an entire function.
Lemma 2.2. The following assertions hold.
• f has no asymptotic values, • f is symmetric about the real axis, and fixes 0 and 1, • f has a critical point at 0 and all the other critical points are negative reals and are mapped either to 0 or to 1, • all the Fatou components of f are quasi-disks and are eventually mapped to the super-attracting component at the origin.
Proof. Suppose f has an asymptotic value. From the construction of f , G and thus F would have an asymptotic value. This contradicts the main lemma. This proves the first assertion. Since G and Φ are both symmetric about the real axis, so is f . Since Φ and G fix 0 and 1, f fix 0 and 1 also. This proves the second assertion.
By the symmetry of Φ, Φ maps the real axis to the real axis. Since Φ fixes 0 and 1, Φ maps the negative reals to the negative reals. From the construction of f , the critical set of f are the Φ-image of that of G. The critical points of G, except the one at the origin, are exactly those of G which belong to (−∞, −1]. By the construction of G, these are the (η , implies that all the other critical points of f are negative reals. Since F maps any of its critical points either to 1 or to 0, so does G by the definition of G. Since Φ fixes 0 and 1, it follows that f maps any of its critical points either to 0 or to 1. This proves the third assertion.
As we have seen, f has two singularly values, 0 and 1, both of which are critical values. By [3] and [5] , f has neither Baker domains nor wandering domains. Since entire functions have no Herman rings, every Fatou component of f must be eventually mapped into some periodic cycle of either Siegel disks, or parabolic components, or attracting components, or supper-attracting components. Note that both the two singular values of f are fixed. Since each point of the boundary of a Siegel disk must be accumulated by the forward orbit of the singular values, f has no Siegel disks. Since any parabolic basin or attracting basin must contain an infinite forward orbit of some singular value, f have not periodic parabolic or attracting cycles. Thus all the periodic cycles of Fatou components of f must be super-attracting. Let Ω 0 be the Fatou component containing the origin. Since the origin is the only periodic (fixed) critical point of f , all the Fatou components must be eventually mapped to Ω 0 . Since G is conjugate to the square map on D and since the iteration of the square map is normal in D but not normal at any point in ∂D, we must have Ω 0 = Φ(D). In particular, Ω 0 is a quasi-disk. By the construction of f , any component of f −1 (Ω 0 ) other than Ω 0 is the (Φ•η −1 •ψ)-image of some P n with n ≥ 1, and is thus a quasi-disk. Since the closure of each Φ • η −1 • ψ(P n ), n ≥ 1, does not intersect the forward orbit of the singular values, its pre-images under the iteration of f must be quasi-disks also. So all the Fatou components of f are quasi-disks. This proves the last assertion of the lemma. Now let us prove a uniform contraction property of G. Let diam(·) denote the diameter with respect to the Euclidean metric. Lemma 2.3. For any L > 1 there is an n ≥ 1 depending only on L and a curve segment Γ attached to T from the outside such that
• diam(Γ) < 1 and
Proof. Let h be the quasi-symmetric circle homeomorphism which conjugates G|T to the square map. For k ≥ 1 let z k = h −1 (e iπ/2 k ). Since the quasi-symmetric constant of h is bounded by some uniform 1 < M < ∞, it follows that z k → 1 uniformly in the following sense: for any > 0, there is an N ≥ 1 independent of G so that |z k − 1| < for all k ≥ N . Let Γ k be the curve segment attached to z k from the outside of T so that
. Thus the pull back by G decreases the hyperbolic metric in X. Let l X (·) denote the length with respect to the hyperbolic metric in X.
This, together with that z k → 1 uniformly, implies the existence of the integer n such that diam(Γ n ) < 1.
To construct the entire function f with non-locally connected Julia sets, we need to take appropriate squares {P n } n≥1 in the construction of the quasi-regular map F . As we have seen above, D corresponds to a quasi-disk Ω 0 which is fixed by f , and each P n corresponds to a quasi-disk Ω n which is mapped to Ω 0 by f . More precisely,
By symmetry, all Ω n are symmetric about the real axis. From the construction, it also follows that {−1, 1} ⊂ ∂Ω 0 and f (−1) = f (1) = 1. Let
Since Φ is uniformly quasiconformal and normalized, it follows that there exists some R > 0 independent of the choice of {P n } n≥1 such that
where B R (0) is the disk centered at the origin and with radius R. From the fact that ψ(−1) = η(−1) = Φ(−1) = −1 it follows that a 1 = −1. Since Φ, η and ψ are uniformly quasiconformal and normalized, we can take P 1 large enough so that |b 1 | > R + 1 holds for any choice of the remaining squares {P n } n≥2 . Let n 1 = 0. Now for k ≥ 1, suppose the diameters of all P l , 1 ≤ l ≤ k, have been determined such that for each 1 ≤ l ≤ k, there is an integer n l and a branch of f −n 1 , say χ l , such that |χ l (a l )| < R and |χ l (b l )| > R+1 hold for any choice of {P n } n≥l+1 . Let us determine the diameter of P k+1 and n k+1 as follows. Since P k has determined and since Φ, η and ψ are uniformly quasiconformal and normalized, it follows that a k+1 = b k is bounded and the bound does not depend on the choice of {P n } n≥k+1 . By Lemma 2.3 and the fact that Φ is uniformly quasiconformal and normalized, we can choose n k+1 independent of the choice of {P n } n≥k+1 , such that the corresponding branch of f −n k+1 , say χ k+1 , satisfying |χ k+1 (a k+1 )| < R. Since F is uniformly bounded on compact sets by the main lemma, and since Φ, η and ψ are uniformly quasiconformal and normalized, it follows that f is uniformly bounded on compact sets. Thus for the n k+1 , we can choose P k+1 large enough to ensure that |χ k+1 (b k+1 )| > R + 1 holds for any choice of {P n } n≥k+2 .
In this way we get a sequence of squares {P n }. For such {P n }, let F be the quasiregular map in the main lemma and f be the entire function obtained as above. Proof. From the construction of P n , it follows that there exist a constant R > 0 and an infinite sequence of Fatou components of f which intersect both of the two Euclidean circles {z : |z| = R} and {z : |z| = R + 1}. It is clear that the spherical diameter of these Fatou components have a uniform positive lower bound depending only on R.
Before we show that J(f ) is not locally connected let us recall a criterion of the local connectedness. 
Proof of the main lemma
Suppose {P n } is a sequence of squares in the Main Lemma. See Figure 2 for an illustration. Here the diameters of P 1 , P 2 , P 3 and P 4 are 2, 4, 2 and 8 respectiely. We divide the plane into disjoint union of "half strips" and squares. Up to symmetry, there are five types of half strips. Except the three special ones whose shapes are independent of the choice of {P n } n≥1 (see Figures 3-5) , each of the other ones has the following common properties.
• The two bottom angles are π/4 and 3π/4, • the width is equal to one, • the length of the bottom is equal to √ 2, • it is bent to a right angle at some place. We will construct F by defining it to be K-quasiconformal on each of these half strips and squares with K > 1 being some constant independent of the choice of {P n }. We then glue these maps together along the boundary of their domains so that the global map satisfies the properties in the lemma. First we will define a quasiconformal map g on each of the half strip so that it maps each half strip onto the standard half strip S = {x + iy | − 1 < x < 1, y > 0}. In this process the situations for types II and III are similar with the type I and the situation for type V is similar with the type Figure 2 : Constructing the quasi-regular map F IV. So we will only present the details of the construction for the half strips of types I and IV. It should be easy for the reader to supply the details for the other situations.
Let H be the half strip of the type I. Let AB denote the 1/4-unit circle and A B denote the bottom side of S. See Figure 3 for an illustration. Define g on AB so that it maps AB proportionally onto A B . Let L and R be the two components of ∂H \ AB so that L is the one with B being the end point and R is the one with A being the end point. Similarly, let L and R be the two corresponding components of ∂S \ A B . For any X ∈ L, define g(X) = X ∈ L such that the subarc BX ⊂ L has the same length as the subarc B X ⊂ L , and for Y ∈ R, define g(Y ) = Y ∈ R such that the subarc AY ⊂ R has the same length as the subarc A Y ⊂ R . In this way we have defined g : ∂H → ∂S so that it preserves the length on the two boundary sides L and R. To define g in the interior of H, let C be the vertex of H at the upper left corner and take D ∈ L and E ∈ R such that |CD| = 2 and |AE| = 1. Let C = g(C), D = g(D) and E = g(E). Define g on DE so that it maps DE linearly onto D E . Now it is not difficult to extend g to be a quasiconformal homeomorphism from the domain ABCDE to the pentagon A B C D E . For instance, one can divide the two domains into the same number of star domains and then apply Theorem 6 of [9] . Let H 0 and S 0 denote the remaining part of H and S respectively. Note that g has been defined on ∂H 0 and is linear on each straight boundary piece of H 0 . We can thus extend g to be a linear homeomorphism from H 0 to S 0 . It is clear the map g : H → S obtained in this way is a quasiconformal homeomorphism, and most importantly, it preserve the length on the two boundary sides of H. The similar construction can be applied to the half strips of types II and III. See Figures 4 and 5 for an illustration. We leave the details to the reader. Now let us define g in a half strip H of type IV. See Figure 6 for an illustration. As before we first define g on the bottom side AB of H to be linear on AB so that g maps AB to A B . Then let L and R denote respectively the two components of ∂H \ AB, one with B being the end point and the other one with A being the end For X ∈ L, define g(X) = X ∈ L so that the subarc BX ⊂ L has the same length as the subarc B X ⊂ L . Similarly, for Y ∈ R, define g(Y ) = Y ∈ R so that the subarc AY ⊂ R has the same length as the subarc A Y ⊂ R . In this way we have defined g : ∂H → ∂S.
Let D and E denote the two corner points in ∂H as indicated in Figure 6 . To define g in the interior of H, we take a points C ∈ L such that |BC| = |AE|. Let C , D , E ∈ ∂S so that C = g(C), D = g(D) and E = g(E). Then |CD| = |C D |, |BC| = |B C |, |AE| = |A E | and g maps CD, BC and AE linearly onto C D , B C and A E , respectively. Define g on CE and DE so that g maps them linearly onto C E and D E respectively. Then g can be extended linearly to the interiors of the parallelogram ABCE and the triangle CED so that g maps them onto the interiors of the rectangle A B C E and the triangle C E D respectively. The remaining part of H, say H 0 , is a half strip with DE being the bottom side. Correspondingly, the remaining part of S, say S 0 , is also a half strip with D E being the bottom side. Note that g has been defined on ∂H 0 so that g : ∂H 0 → ∂S 0 is linear on each straight boundary piece. Thus g can be extended to the interior of H 0 so that g maps H 0 linearly onto S 0 . Now we define g : H → S by gluing the maps on the three pieces along the boundary. It is clear that g is a quasiconformal map. Since the quasiconformal constant of g on each piece is some uniform constant, thus the quasiconformal constant of g on H is a uniform constant. Moreover, from the construction we see that g preserve the length on the two boundary side of ∂H. For a half strip H of type V, the method above can be applied in a similar way to get a K-quasiconformal homeomorphism g : H → S such that (1) K > 1 is some uniform constant, and (2) g is linear on the bottom side and preserves the length on the two boundary sides of H. See Figure 7 for an illustration. We leave the details to the reader. Now let us define F on the half strips. Let H + and H − denote respectively the upper and lower components of C \ (−∞, −1] ∪ D ∪ [1, +∞). Define σ : S → H + by σ(z) = e iπ(1−z)/2 and τ : S → H − by τ (z) = −e iπ(1−z)/2 . It remains to verify that whenever a point belong to the intersection of the boundaries of two half strips, the two maps defined on the two half strips must coincide on this point. To see this, we may assume that z belong to the L part of the boundary of some red half strip (that is, marked with red rectangle) and belongs to the R part of the boundary of some blue half strip (that is, marked with blue rectangle). Let g r , F r , and g b , F b denote respectively the maps g and F defined on the red and blue half strips. Since both g r and g b preserve the length on the two boundary side of the half strips, g r (z) ∈ L and g b (z) ∈ R have the same imaginary part. By the definition of σ, it follows that It remains to define F in the interior of the squares. Suppose that the diameter of P n is d = 2m for some integer m ≥ 1. Note that we have defined F on the boundary of P n in the above. From the construction, F maps ∂P n proportionally onto T and F : ∂P n → T is a covering of degree d. Suppose ω is the center of P n . For 0 ≤ θ ≤ 2π, let R(θ) > 0 and 0 ≤ ξ(θ) ≤ 2π be the numbers such that ω + R(θ)e iθ ∈ ∂P n and F (ω + R(θ)e iθ ) = e iξ(θ) .
Since F maps ∂P n proportionally onto T, it follows that ξ (θ) exists except the fours angles corresponding to the four vertices of P n , and moreover, 1/C < ξ (θ 1 )/ξ (θ 2 ) < C for some uniform C > 1. Since F : ∂P n → T is a covering of degree d we get ξ (θ)/d > 0 and is uniformly bounded away from zero and 1. For 0 ≤ r ≤ R(θ), define
We claim that F is K-quasi-regular for some universal K > 1 in P n . For the convenience of the computation we adopt the log coordinate. Consider the map ζ → log F (ω + e ζ ) = u + iv where ζ = x + iy. Then x = log r and y = θ. We thus get u(x, y) = dx − d log R(y) and v(x, y) = ξ(y).
Let h = u + iv. Let us compute hz and h z . For A, B > 0 we denote A = O * (B) if A/B is uniformly bounded away from zero and 1. We use O(1) to denote a number whose absolute value is bounded by some universal constant. By a simple computation we have where λ(z) = O(1). This implies that |hz/h z | < k < 1 for some uniform 0 < k < 1 independent of d. Now from the construction the first four assertions of the main lemma hold. To prove the last one, we first take a smallest closed disk centered at the origin which contains the compact set. Note that the bound of F on the closed disk is essentially determined by the length of the longest half strip contained in it. But this is then bounded above by some constant depending only on the diameter of the disk. Since the diameter of the disk depends on the compact set, the last assertion follows. The proof of the Main Lemma is completed.
